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Recent research in uniqueness of representability for finite measurement structures has identified a 
number of novel finite integer sequences. One of the simplest, called an elementary sequence, is a 
nondecreasing integer sequence x,,x;,. ,.,xn with xI=x2=l and, for all k > 2, if _r, > 1 then .+=x,+x, for 
distinct ij < k. We investigate combinatorial and number-theoretic questions for elementary sequences 
and identify interesting open problems. The paper also discusses sub-Fibonacci sequences x,,x,,. ..,x,, 
which are characterized as nondecreasing integer sequences with x,=x2=1 and xI. 5 .+,+x~_~ for each 
k > 2. 
1. Introduction 
The Fibonacci sequence fi,fi, . . . = 1, 1,2,3,5, . . . defined by 
h =f2 = 1, fk = fk_l+fk-2 for k=3,4,..., 
is one of the most widely studied objects in mathematics [S]. Our purpose here is 
to discuss two simple generalizations of the n-term Fibonacci sequence fi, f2, . . . , f, 
that we refer to as elementary sequences and sub-Fibonacci sequences. Both are 
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nondecreasing integer sequences xi, x,, . . . , x, that have x1 =x2= 1 and link xk for 
kr 3 to sums of two preceding terms. Neither appears to have been studied in any 
depth. 
Let x1,x2, .. . . x,, always denote a nondecreasing integer sequence for which x1 = 
x2=1 and nz2. We say that x1,x2,...,x, is elementary if for all ksn 
x,>l * xk = x;+xj for some i#j, 
and is sub-Fibonacci if for all k in (3, . . . , n} 
Let E, be the set of all n-term elementary sequences, and let F, be the set of all 
n-term sub-Fibonacci sequences. It is easily seen that E,, c F,, and enumeration 
shows that E,, = F, for n 5 6. There are 3 1 members of E6 or F6, bounded between 
(1, 1, 1, 1, 1,l) and (f,, f2, f3, f4, fs, f6). On the other hand, F, has seven sequences 
not in E,. The lexicographically smallest of these is 1,1,2,2,4,4,7. This is not 
elementary since its final term is not the sum of two preceding terms. 
Our study of elementary, sub-Fibonacci, and related integer sequences was moti- 
vated by questions of uniqueness of solutions for finite measurement structures. 
Fishburn and Roberts [5] survey this topic, introduce the special sequences inves- 
tigated here, and summarize results for other types of sequences that arise from 
unique finite measurement. A few of these are mentioned in the final paragraph of 
this introduction after we outline the results of the paper. 
Elementary sequences illustrate the uniqueness theme in finite-set measurement. 
(Sub-Fibonacci sequences are introduced because they are closely related to elemen- 
tary ones.) Suppose we want to obtain an additive measure m of relative masses of 
objects in {bi,..., b,} by comparing single objects and by comparing one object 
with two others together. (This is a special case of more general measurement situa- 
tions.) Comparison outcomes in terms of m; = m(bi) are 
mi = K?j (bi and bj equally heavy), 
mi > tllj (bi heavier than bj), 
mi+mj= mk ({bi, bj} and bk equally heavy), 
mi+mj>mk ({bi, bj> heavier than bk), 
mk> mi+mj (bk heavier than { bi, bj}). 
Suppose that the resulting system of inequalities and equalities has a positive solu- 
tion. We then say that the solution defines a ratio scale if every two positive solutions 
are proportional, i.e., rn: = Ami for i = 1, . . . , n with I > 0 so that a solution is unique 
up to multiplication by a positive constant. In the present case, one can prove I51 
that ratio scale uniqueness obtains if and only if there is a solution ml, m2, . . . , m, 
whose terms are a permutation of a sequence in E,,. 
Many combinatorial, number-theoretic and extreme value questions can be asked 
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about E,,. We focus on three that were mentioned in [5]: 
(1) How many sequences does E,, contain? 
(2) Given m > 1, what is the smallest n such that some x E E,, has x,, = m? 
(3) What is the maximum number of sequences in En + I that are identical through 
their nth terms? 
Other questions not addressed here are mentioned at the end of the paper. We 
have found that questions of these types are often trivial or very hard. Complete 
answers are not given for any of the three preceding questions. In contrast, similar 
questions to (2) and (3) for F,, are trivial. For (2): if fk < rn < fk+ 1, then min n = k + 1 
via (fi,f2, . . . . fk, m). For (3): the maximum number of one-term extensions to F,,, , 
for a fixed XE F, is fn_l + 1, and this occurs if and only if x is the n-term Fibonacci 
sequence. Question (1) for F, can be approached with 
,F,, = ; X:1 ***X_,~~, XnAy-2 1, 
x3=1 X$=x3 xn_,=xn_* x,=x,_, 
but we have no simple closed-form expression for IF,I. It appears feasible to 
develop a good approximation for IF, 1, but we shall be content with an order-of- 
magnitude estimate. 
In the next section we prove that 
/&I = a 
d(l + o(l))/2 
wherea=(1+1/5)/2=1.61803..., the golden section, and o(1) denotes a function of 
n that approaches 0 as n + 03. The same estimate holds for the subset F,’ of F, 
whose members strictly increase (x,<x k+l) from k=2 on. This estimate is then 
used to show that IE,I/IF,‘I -+O, and hence lE,l/lF,l -+ 0, which answers a question 
posed in [5]. The initial counts are 
(IEsl, . . . . lEl, 1) = (2,4,10,31,120,578,3422,24504,208744), 
(I&I, . . . . IF,,l) = (2,4,10,31,127,711,5621,64049,1067599), 
(I&I, . . . . ~Fi’~)=(1,1,2,6,27,177,1680,23009,455368), 
so that IFi I does not exceed IE,I until II = 11. We know very little about the lE,I 
sequence beyond this point. None of the three sequences appears in Sloane [9]. 
For our second question, let 
e(m) = min(x, = m for some x E En). 
n 
Since e(fk) = k for kz 3 by the Fibonacci sequence, we focus on fk < m < fk+ ,. 
Fishburn and Roberts [5] proved that k+ 1 I e(m) I k- 1 + Lk/2], but the upper 
bound seems much too large. We noted also that e(m) is not nondecreasing since, 
for example, e(20) = 9 and e(21) = 8. Section 3 makes the further observation that 
e(m) need not be nondecreasing in an interval between two adjacent Fibonacci num- 
bers. This occurs for the first time in (fro, fil) = (55,89) where e(71) = 11, e(72) = 12 
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and e(73)=11. It is also noted that e(m)rk+2 when fk<m<fk+i, kz7, and m is 
near fk+ 1. The question of whether e(m) ever exceeds k+ 2 when fk<m < fk+ ,, 
raised in [5], remains open. A likely possibility for this is m = fk+ 1 - 1, but we show 
that e(f,+,-l)=k+2 for k=7,8,...,21. Hence if e(fk+,-l)zk+3, the earliest 
this could occur would be for f& - 1 = 28656. 
Sections 4 and 5 address our third question. Let 
We proved in [5] that e,*> n2(1 + 0(1))/4, remarked that e,*_c n2/2 for n 12, and 
conjectured wrongly that e,*< n2/4 for all n 2 3. Section 4 proves that for all n 2 4, 
e,* 1 [(n - 3)* + c]/4, c= 11 for IZ even, 12 for n odd, 
and shows that equality holds when n I 13. By generalizing the approach of Sec- 
tion 4, we show in Section 5 that the preceding bound is strictly less than e,* at 
least by n = 20: e&2 76, whereas (17*+ 1 I)/4 = 75. Moreover, for large n, e,* can 
be at least as large as about n*/3, and e,*/n* may in fact oscillate between about 
0.328689... and l/3. 
Other sequences x1,x2, .. . , x,, that have arisen from our study of unique finite 
measurement include regular sequences [2,6], defined by xk + ,5 x1 + .-- + xk, and 
Van Lier sequences [7, lo], for which xk -Xj for j< kin is the sum of terms from 
the sequence other than Xj. The number of n-term regular sequences equals 
2n2(1+0(1))‘2, every sub-Fibonacci sequence is a Van Lier sequence, and the smallest 
regular sequence that is not Van Lier is 1,1,2,4,5. We have also investigated 
branching sequences [4] and two-sided sequences constructed from the inside out [l], 
including one that is referred to as a two-sided generalized Fibonacci sequence [3]. 
2. Aspects of counts for large II 
In this section we prove two results for large-n enumeration and then mention 
related results and open problems. 
The proof of the following theorem is similar in spirit to the regular sequences 
proof for 2”% +0(t))/* in Fishburn and Odlyzko [2]. Recall that a = (1 + fi)/2 and 
that F,’ is the set of n-term sub-Fibonacci sequences for which ~2<~3 < ... <x,,. 
Theore,,, 1. IF,] = &(I +0(l))/* and IF’1 = an% +0(l))/*. 
Proof. Since the maximum number of sequences in 4 starting with a fixed XE~- 1 
is fj-*+I, 
n-2 
l&l 5 /II (A+ 1). 
By the Euler-Binet formula, fi = (aj - @)/1/s, where /I = (1 - 1/J)/2 = -0.61803 . . , , 
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SO that fj+l1(aj+3)/1/Js(3/1/5)& for jr3. Hence 
IF,‘I I 1~~1 I (3/fi)“-2&-3fi+2)/2 = an2(r+0(‘N’2. 
To establish the reverse inequality, take n large and consider all sequences x in F, 
that begin with the (k- 1)-term Fibonacci sequence f,, . . . , fk_ ,, with k- fi. For fixed 
real numbers cj and dj, we consider the fraction of these that have Cj ‘Xi < dj for j = 
k , . . . , n: schematically, all integer sequences in fi ... fk-l[ck,dk) [ck+,, dk+,) *.. [c,, d,). 
When the Cj and dj are chosen SO that 
Cj+l ~dj, j=k,...,n, 
ck L fk_1, Cj 2 dj_l for j> k, 
dklfk, dk+lSCk+fk_l, djSCj_l+Cj-2 for j>k+l, 
every integer sequence in fi ... fk_ 1 [ck, dk) ... [c,, d,) is sub-Fibonacci and in fact is 
in F,‘, and therefore 
I&I 2 IF,‘1 ‘j~k(dj-Cj-l) = jfik (l-A) fi (dj-cj). 
J J j=k 
Let ,I = 1 - 3/ak, p = a(n -k - l)/(n -k), take k even, and define the Cj and dj by 
ck = Afk, dk = fk, 
ck+l = Apfk, dk+l = Afk+fk/a= fk(a-1 +A), 
Ck+i = Apifk, dk+i =&i-2(1 +p)fk for iZ2. 
With Ck_i=fk_; for i=1,2 we have dj=cj_l+cj_2 for all jzk except that dk+l< 
ck + c&l because fk/a< fk_l when k is even. Hence the third of the three dis- 
played lines in the preceding paragraph holds. For the second line there, ck? fk_l 
is the same as ‘Zfkz fk_,, which iS true ShCe A is near 1; ck+,?dk e &u2 1, which 
is true since I-1 and y-a; ck+2Ldk+l H Ap2>a-1+A, and for i13, Ck+iZ 
dk+i_l e ~~21 +,D, which show that cjldj-1 for all jrk+2. 
The d-c differences are 
dk-Ck=(l-A)fk=(3/ak)fk, 
dk+l-Ck+l = (a-1 +A-b)fk, 
dk+i-Ck+i = ~~i~2 (1 +p-p2)fk for ir2. 
Since fk - ak/fi, dk - Ck > 4/3. Also, 
d k+l -Ck+, >dk-ck * a-l+rl-13pul-L 
t) ak+‘+3a(n-k-l)z6(n-k), 
and the last inequality clearly holds when n is large and k - fi. Substitution gives 
n-k-l 
n-k 
-1 9 
> 
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and the latter inequality holds since its right side is the same as I- (r2/(n - k). (Re- 
call that a = 1 + 1 /a.) Hence 
d k+2 - ck+2 > A_fk/(n - k) - afi/[(n - fi)fi], 
SO with n large we can presume that dk+2-Ck+2Z4/3. Since dk+i_Ck+i>dk+2_Ck+2 
for all i 2 3, it follows that dj - Cj 2 413 for all j 1 k, hence that 
1 I 
l- ->- 
dj - Cj - 4 
for all jrk. 
We now evaluate the right side of the earlier inequality 
By the conclusion of the preceding paragraph, 
jk (l--J--) 2 4-(n-k+‘). 
J J 
By preceding expressions for dj - Cj, and inequalities, 
~ (dj-Cj) > fkn-k+l (3/ak)2~“-k-1(1+iU-F12)“-k-1(~.~2.iU3.,.~fl-k-2) 
j=k 
> (ak/4)“-k+1(3/ak)2~n-k-I(,_k)-(n-k-1)~(n-k-2)(n-k-1)/2 
= (9/16)(~/[4(n-k)])“-k-‘a”2-3”-k2+k+2)~2 
(n;“,’ >,,-k--W2 
When this is combined with the inequality for the first product, we get 
n2 3n+k2-k-2 1 
+- 
2 log a 
log9+(n-k-1)logA 
-(n-k+l)log4-(n-k-l)log(n-k) 
+ 
(n-k-2)(n-k-l) 
2 log (l-j&)]]- 
Therefore, when k - $I, log IF,‘] > (log (u) (n2/2) (1 + o(l)), so that 
IF,/ 2 IF;1 1 /J”‘(~+~(‘))‘~. 0 
Theorem 2. As n gets large, IE,I/IF,‘J + 0. 
Proof. Since the number of elementary sequences in Ej+l starting with a fixed 
x E Ej can never exceed (i), 
n-1 
[E,I I n (j2/2) = [@~-1)!]~/2”-~ = t~~~(‘+“(‘)). 
j=2 
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Hence J&I /IF;] I TZ~~(’ +“(1))/o’*(1+0(1))‘2 by Theorem 1. Since n log n/n2 -+ 0, 
log((E,I/IF,‘\)=-(n2/2)(1+o(l))loga, and therefore (E,I/IF,‘I +O. 0 
Theorem 2 implies lE,l/lF,l + 0, which answers a question posed in [5]. 
Theorem 1 has a nice generalization to integer sequences constructed like sub- 
Fibonacci sequences from different initial terms. For positive integers a< b let 
F,(a, b) be the set of nondecreasing integer sequences xi, x2, . . . ,x,, for which xi = a, 
x,=b and x,<x,_, +xk_2 for 3sksn. Then 
IF,(a, b) I = ,#I + o(l))/2 
so that our asymptotic estimate does not depend on the initial terms. The proof 
uses an argument similar to that in the first paragraph of the proof of Theo- 
rem 1 to show that IF,@, b)l s(Y”~(~+~(~))‘~. W e then use induction to verify that 
IF,(a+ 1, b)l > IF,(a, b)l and IF,(a, b+ 1)l > IF,(a, b)l for all nr4. In particular, this 
implies IF,(a, b)l L IF,(l, l)\ = I&I, and the preceding equality follows. 
The use of different initial terms leaves open the question of the large-n behavior 
of lF,(a+ 1, b)l/lF,(a, b)l and lF,(a, b+ l)\/IF,(a, b)l. We conjecture that both ratios 
approach infinity. Another open question is the extent to which members of F,, 
have repeated terms. Here we suspect that IFi I /IF, I + 1. 
To consider this further, let G, be the subset of XE F, for which xk =xk+ 1 for 
some 2sk<n, and let 
G,(k) = {xEG,: min(jl2: Xj=Xj+l}=k}e 
Then G, is the union of G,(2) through G&-l), and 
n-1 
l&I = IF,‘1 + I%1 = IFnll +k;2 IGW. 
Hence the conjecture that IF,’ I /IF, I -+ 1 is tantamount o I G, I /IF, I --f 0. A weaker 
but still open conjecture says that, for any fixed k12, IG,,(k)l/lF,J +O. 
One intriguing result for the G,(k) themselves is 
IG,(3)I > 
1 
/G,(2)1 for all n13, 
IG,(4)I for all ~15, 
IG,(5)I for all n16. 
Does this persist? That is, is it true for any kr6 that IG,(3)I > IG,(k)\ for suffi- 
ciently large n? 
3. Shortest sequence for m 
Recall that e(m) is the length of a shortest elementary sequence whose last term 
268 P.C. Fishburn, F.S. Roberts 
is m. We have noted that e(fk+,- 1) can exceed e(fk+i). It is easily checked that 
e(m) does not decrease in the open interval of integers (fk,fk+ i) when kc 9. How- 
ever, this is no longer true for krl0. 
Theorem 3. In (fio,fil>={56,57,...,88}, 
e(m) = 
11, ifmE(56, . . . . 71,73,74,75,76,79,80, Sl}, 
12, ifmE{72,77,78,82 ,..., 88}. 
Proof. Clearly, e(m) 2 11 for m E (fio,fil>. Sequences 
1,1,2,3,5,8,13,21,29,42,71, 
1,1,2,3,5,8,11,19,27,46,73 
are m E,,, so e(71) = e(73) = 11, and e(72) 5 12 by the first sequence. The rest of the 
proof shows that e(72) L 12. We shall meet other cases of e(m) = 11 in transit. The 
cases of e(77) = e(78) = 12 are similar to and simpler than e(72) = 12; the final cases 
for e(m) = 12 follow from the next theorem and construction. 
We attempt o reach 72 as the final term in a sequence in E,,, and show that this 
is impossible. For XEE,, let ‘5 denote the largest k for which xk = fk. Terms of x 
that are not the sum of the two immediately preceding terms are written in boldface, 
except for the first two terms and the possible 1 lth terms that are closest o 72 from 
below and above. The latter appear in braces. We omit some sequences whose 1 lth 
term is well below 72, and proceed on the basis of r. 
. 7=10: 1 1 2 3 5 8 13 21 34 55 {68,76) 
l 7=9: 1 1 2 3 5 8 13 21 34 47 (68,811 
42 {63,76} 
39 {60,73} 
37 (71) 
l r=8: 1 1 2 3 5 8 13 21 29 50 (71,79} 
29 42 (71) 
26 47 {68,73} 
26 39 (65) 
24 45 (69) 
.7=7: 1 1 2 3 5 8 13 18 31 49 (67,80> 
31 44 (62,751 
31 39 (701 
18 26 44 (701 
16 29 45 (61,741 
29 42 (711 
16 24 40 1641 
15 28 43 1711 
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l r=6: 1 1 2 3 5 8 11 19 30 49 (68,791 
19 30 41 (711 
19 27 46 (65,731 
19 24 43 1671 
11 16 27 43 (701 
10 18 28 46 (64,741 
18 28 38 (66) 
18 26 44 (701 
10 15 25 40 (651 
9 17 26 43 (69) 
l t=5: 1 1 2 3 5 7 12 19 31 50 {69,81> 
12 19 31 43 (62774) 
12 19 31 38 169) 
12 19 26 45 (711 
12 17 29 46 (63,751 
12 17 29 41 (701 
12 15 27 42 (691 
7 10 17 27 44 (711 
6 11 17 28 45 (62,731 
11 17 28 39 1671 
5 10 15 25 40 (651 
l r=4: 1 1 2 3 4 7 11 18 29 47 {65,76} 
7 11 18 29 40 (69) 
7 11 18 25 43 (68) 
7 11 15 26 41 (67) 
7 10 17 27 44 (71) 
4 6 10 16 26 42 (68) 
3 6 9 15 24 39 (63) 
0 r=3: 1 1 2 2 4 6 10 16 26 42 (68). 0 
We have noted that e(m) 2 k + 1 if fk < m < fk+ 1. The final run of m values for 
which e(m)zk+ 2 is clarified by 
Theorem 4. Suppose kr7. Then e(2f,_,+f,_,)=k+l and 
e(m)? k+2 for all mE(2fk_1+fk_3,fk+1). 
Remark. The number of m in the final run is fk+l-(2fk_l+fk_3)-1=fk_4-1. 
Proof. The mostly Fibonacci sequence 
f,,fzv ... 9 fk-bfk-l+fk-3v2fk-l+fk-3 
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shows that e(2f,_r +fk_s)=k+ 1. Let z be the largest possible value <fk+, at the 
end of an XEE~+~. We claim that, when kz7, z=2fk_r+fk-3: hence e(m)>k+l 
when 2fk_,+fk_3<m<fk+,. We now prove the claim. 
Given kr7, let r for an XEE~+, be the largest j for which xj =fj. When r = k, 
the largest final term in x that is strictly less than fk + 1 is fk + fk_2. Since fk + fk_2 < 
2fk_, +fk_3 it reduces to fk_4<fk-3, which is true, r=k-1 (preceding paragraph) 
yields a larger final term < fk+, than does t = k. 
Suppose r=k-2. The final term of xEEk+l is maximized by fi,...,fk-x,fk_z+ 
fk-4,2fk-2ffk-4,3fk-2+2fk-4. We have 
3fk-2+2fk-4<2fk&I+fk-3 * fk-6<fk-S* 
This is true when kz8: when k=7, fk_6=fl=f2=fk_5a Hence r=k-1 yields a 
larger final term than does T = k - 2, except when k= 7, where the two are tied. 
The analysis for r I k - 3 is similar. Let r = k - a for a r 3. Suppose that k - a 2 5. 
The largest final term for x~Ek+ 1 is obtained from 
f,, **. 3 fk_a,fk-n+fk-a-2,2fk-a+fk-a-2,...rfa+Zfk-affa+lfk-a-2 
by making xk_a+r as large as possible (fk_a+fk-o-2) and proceeding from that 
point on by the Fibonacci rule. Reduction shows that 
fa+2fk-a+fa+lfk-a-2<2fk-I+fk-3 H fk-a-4<fk-a-3, (*I 
whichistrueunlessk-a=5,wherefk_a_4=fk_a-s. Sor=k-ldoesaswellass= 
k-025, and the two tie when k-a=S. When 2sk-as5, our xk+r-maximizing 
sequences are 
l k-a=2: 111235 8 13 . . . 
l k-a=3: 1 1 2 2 4 6 10 16 . . . 
l k-a=4: 1 1 2 3 4 7 11 18 . . . 
l k-a=5: 1 1 2 3 5 7 12 19 . ..) 
from which it follows that k-a = 5 gives a larger xk+t than the others. 
Therefore z=2fk_L + fk_3. The truth of (*) is left as an exercise. 0 
As noted earlier, we do not know whether e(m) L k + 3 is possible when fk < m < 
f k+l. Theorem 4 and some computational experience suggests that if e(m) 1 k+ 3, 
this will occur for some m = fk+ 1 - 1. On the other hand, 
e(m) = k+2 when m=fk+l-l for 7sks21. 
Specific constructions that suffice (but need not be unique) are shown in Table 1. 
Boldface entries are those not equal to the sum of their immediately preceding 
terms. 
We tried to construct he sequences of Table 1 so that their two penultimate terms 
are approximately equal. The only failure to do this occurred at k= 19, which for 
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Table 1 
Elementary sequences that reach fk+ 1 - 1 in k + 2 steps. All begin with fi, fi, f3, f4, fs, which are omit- 
ted. Boldface means “not the sum of the two immediately preceding terms”. 
k Elementary sequence from x6 through xk+ 2 
I 8 10 10 20 
8 8 11 16 17 33 
9 8 11 16 27 27 54 
10 8 13 18 31 44 44 88 
11 8 11 19 30 41 71 72 143 
12 8 13 18 31 49 67 116 116 232 
13 8 11 19 30 49 79 109 188 188 376 
14 8 13 21 34 47 81 128 175 303 306 609 
15 8 11 19 30 49 79 128 207 286 493 493 986 
16 8 11 19 30 49 79 128 207 335 463 798 798 1596 
17 8 11 19 30 49 79 128 207 335 542 749 1291 1292 2583 
18 8 11 19 30 49 79 128 207 335 542 877 1212 2089 2091 4180 
19 6 11 17 28 45 73 118 191 309 500 809 1309 1382 2691 4073 6764 
20 7 12 19 31 50 81 131 212 343 555 898 1453 2008 3461 5469 5476 10945 
21 7 12 19 31 50 81 131 212 343 555 898 1453 2351 3249 5600 8849 8861 17710 
kr 8 is the only sequence with only two boldface terms. All others for kr 8 have 
exactly three boldface terms. 
4. One-term extensions 
For each x E E, let 
6%) = /&+I: (x,x,+J~E,+t)\. 
The maximum number of one-term extensions into E,,,, for an elementary se- 
quence in E,, is 
e,* = max e,*(x) . 
XEE” 
The following theorem gives a lower bound on e,* that is best possible for small n 
but not for larger n. The construction and analysis in its proof will be generalized 
in the next section to yield a tighter bound for large n. 
Theorem 5. For all n 2 4, 
e*r [(n-3)2+11]/4, ifn is even, 
n 
I [(n - 3)2 + 12]/4, if n is odd, 
and equality holds if n I 13. 
With eT= 1 and e,*=2, the sequence e: e;, . . . begins1,2,2,3,4,5,7,9,12,15,19,23,28. 
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The rest of this section outlines the proof of Theorem 5. We begin with a few 
definitions that involve partial counts for e,*(x) and e,*, prove a lemma that gives an 
upper bound on e,*, and use the lemma to verify the final assertion of the theorem. 
Given x E E,, , we count the number of terms in e,*(x) by counting the number of 
sums Xj +xk2x, for fixed j and k>j that duplicate no two-term sum for a smaller 
j. Because x begins with two l’s, we ignore x1 and begin with j=2. For each 21 
jsn-1 let 
c,(j,x) = I{xj+Xk: j<kln, xj+XkZXn, and for all 2si<j and 
i<hsn, Xj+Xk#Xi+Xh}(. 
Thus, e,*(x)=c,,(2,x)+c,(3,x)+...+c,(n-l,x) if x#ll...l. If x=ll...l then 
e,*(x) = 2, which is certainly less than e,* whenever n > 3. Also let 
Cn(j,x)= i c,(k,x), 21j<n-I. 
k=2 
Lemma 5.1. c,(j,x)sn-j, and C,&j,x)lfj+l. 
Proof. Since /{k: j< k% n} j = n -j, c,( j,x) I n -j. Since there are Xj + 1 integers 
between X, and X, +xj inclusive, Cn(j,X) “Xj + 1 <fi + 1. 0 
Lemma 5.1 guides our search for x’s in E,, that are good candidates to maximize 
e,*(x). The lemma says that partial sums of the c,(j,x) are Fibonacci bounded by 
fj + 1. This bound can only be attained if x begins like the n-term Fibonacci se- 
quence. However, as j increases, the number of new additions to e,*(x) is restricted 
by c,( j, x) 5 n -j. This gives an incentive to depart from the Fibonacci pattern and 
to complete x another way. 
One candidate that seems promising from the perspective of Lemma 5.1 is the se- 
quence A, = (a,, a2, . . . , a,) defined as follows for nr4: 
0 n even: ai =hf;:, l<i<t+l; ai = 2fk2+1-fn-i+29 5+2sisn; 
l n odd: 
n+3 n+5 
ai = fi, 1 <is-. 
2 ’ 
ai =f(n+5)/2-fn-i+27 -5icn. 
2 
For 1 <isn, if n is even then ai+a,_j+2= 2fn,2+t,andifnisoddthenai+a,_i+2= 
fcn+5),2. If we omit al, the adjacent differences of terms in A, increase in the 
Fibonacci pattern and then decrease symmetrically: 
l A,,: 1 1 2 3 5 8 13 18 21 23 24 25 
l aj+l-aj: 11235 5 3 2 11 
. Ais: 1 1 2 3 5 8 13 21 26 29 31 32 33 
l Clj+l-Llj: 11235 8 5 3 2 11. 
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To verify the final assertion of Theorem 5, we look first at Ai, and its partial 
left-to-right counts: 
l A,, (ai omitted): 1 2 3 5 8 13 16 18 19 20 
l c,,(j,A,,): 21123 4 3 2 1 
with e;“,(A,,)=2+1+... +3+2+1=19. Since C1,(6,A,,)=9=f6+lr the second 
part of Lemma 5.1 shows that A,, attains the maximum possible partial sum through 
j= 6. The first part of the lemma says that the final four c,,(j, x) cannot be larger. 
Hence e;El = 19. A similar conclusion holds for 4 5 n I 10, where A, through Ai, at- 
tain e: through e;“o. 
For n=12, the cr2(j,Ai2) counts are 
2 1 1 2 3 4 4 3 2 1, c =23. 
The final four counts, 4 through 1, are individually maximum by the first part of 
Lemma 5.1. The first six counts total 13, which is one less than f, + 1. The max- 
imum of &(7,x) = 14 can be attained by taking x2 = a2, . . . ,x7 = a7 (Fibonacci). But 
to get 14 from c&2,x) through ci2(‘7,x), every integer in [x,,x, + 131 must be a two- 
term sum Xj + Xk9 j< 7, and this can be done only if each of x, - 1, x, - 2, x, - 3 and 
x, - 4 is an xk: for example, x2, x3, . . . , ~~~=1,2,3,5,8,13,16,17,18,19,20.However, 
this forces the final three ci2(j,x) counts to be 1, 1, 1 instead of 3, 2, 1, and we lose 
three units in these counts to gain one unit in the earlier counts. It follows that 
e:2(Arz) = e& = 23. The proof that e;C,(Ar,) = e;“3 = 28 is similar. 
We now consider the even and odd n inequalities of Theorem 5. We shall show 
that the lower bounds on e,* given there are the values of the e,*(A,). Henceforth 
in this section let c,(j) = c,(j,A,). We claim that the c,(2), . . . , c,(n - 1) sequence is 
n-4 
2 1 1 2 3 
n-4 n-4 n-4 
... -- I..---- 1 ... 3 2 1 
2 2 2 2 
for n even, and is 
n-3 n-3 
2 1 1 2 3 
n-3 
... -- 1 - -- 1 *** 3 2 1 
2 2 2 
for n odd. The first of these yields e,*(A,) = [(n - 3)2 + 11]/4 for n even; the second 
gives e,*(A,) = [(n - 3)2 + 12]/4 for n odd. 
We verify the preceding claim for the c,(j)-sequence for n even. The proof for 
n odd is similar. The claim for even n I 12 is easily checked by inspection, so assume 
n I 14. Also note that c,(2) = 2, c,(3) = 1 and c,(4) = 1 in all cases. 
Given 5 5 j<n, the number of sums for c,(j) that exceed every earlier sum 
ai + a,, i<j, is figured by determining the largest k such that 
aj+a,_k > aj_l+a,, j<n-k. 
With n even, if j<n/2+1 and k+2sn/2+1 (i.e., jsn/2+lsn-k) then 
aj+a,-k > a;_l+an * fj+2fn/2+1 -fk+2>.f-1+2fn/2+1-1 
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* fj ‘-fj-l+fk+2 
H kr:j-4. 
Henceaj+a,_k>aj_I+a,, holds for k=O,l,..., j-4, i.e., for j-3 choices ofa,_k. 
In other words, if 5rjln/2+1 then c,(j)rj-3. If j>n/2+1 then 
aj+a,_k > aj_,+a, 
* 2fn/2+ 1 -fn-j+2+2fn/2+1-fk+2 
>2fn/2+I-fn-j+3+2fn/2+1-1 
0 fn-j+3 ?fn-j+2+fk+2 
e k<n-j-l, 
or n - kz j+ 1, so that n-j choices of an_k satisfy the initial inequality. In the 
later case, Lemma 5.1 gives 
j>t+l * c,(j) = n-j, 
so our claim for the c,(j)-sequence holds from the second ((n -4)/2)-term to the 
end. 
We just noted that c,(j) 2 j- 3 when 5 5 jr n/2 + 1. Since j- 3 is the claimed 
value of c,(j) in these cases, it remains to show that 
{a,saj+ak: j<ksn-j+3} * (ji<j, h>i)(ai+ah=aj+ak), 
so that c,(j)lj-3. Since fn,2+fn,2+l <a,=2f,,2+,-1, aj+ak>a,, requires k> 
n/2 + 1. Therefore ak = 2fn,2 + , -f, _ k + 2, so we consider 
aj+ak=fj+2fn/2+,-fn_k+2, n/2+1<k<n-j+3, 
with aj + ak 2 a,. This inequality holds if and only if j? n - k + 2, or n -j + 2 I k, so 
we need only consider aj + ak when k E {n -j + 2, n -j + 3). When k = n -j + 2, 
aj+a,-j+2=2fn,2+1=aj-1+a,-j+3, 
so the existence asserted above holds for (i, h) = (j - 1, n -j + 3). When k = n -j + 3, 
Qj+&-j+3 =fj+2fn/2+1-fj-l = aj-l+an-j+5, 
which requires n -j+ 5 5 n, or 5 5 j as presumed at the outset of this paragraph. 
Hence the existence assertion holds for (i, h) = (j - 1, n -j + 5) when k= n -j + 3, and 
therefore c,(j)=j-3 for j=5,...,n/2+1. 
5. A tighter hound 
Theorem 5 implies that e,*~(n~/4)(1 +0(l)). We now generalize the A,-con- 
struction of the preceding section to show that e,* can be very close to n2/3 for 
large n. As will be explained shortly, our generalization gives a lower bound on 
e,* that oscillates between about (0.328689...)n2 and (0.333 ...)n2 as n grows large. 
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It thus appears that the set of limit points of the lower bound divided by nL is 
[(3a+l)(~r+3)/[12(a+1)~],1/3], where a=(l+fi)/2 and (3a+l)(c~+3)/[12(a+l)~]= 
0.328689.... 
The key observation for the generalization is that, when XCE,, we can exceed 
e,*(A,) by ending x with more than three consecutive integers. As noted in the 
analysis for II = 12 in the preceding section, this will decrease the c,(j,x)-values for 
j near n. However, it can increase the c,(j,x) for smaller j enough to exceed the 
later decrease. This occurs for the first time at n = 20. The preceding section gives 
ez*0(A20) = 75 as follows: 
l A,,: 1 1 2 3 5 8 13 21 34 55 89 123 144 
l c2d.o: 21123 4 5 6 7 8 8 7 
l -420: 157 165 170 173 175 176 177 
. czO(j): 6 5 4 3 2 1 
with C c2e(j) = 75. The following sequence in E2e concludes with five instead of 
three consecutive integers: 
. A,,,,: 1 1 2 3 5 8 13 21 34 55 89 110 123 
l c,ow: 21123 5 6 7 8 9 8 7 
l 420,5: 131 136 139 140 141 142 143 
. Gus: 6 5 3 1 1 1 
with C czo(j) = 76. The four units lost in the last four c20( j) are offset by the five- 
unit gain under 13 through 89. 
We have been able to obtain the best values of e:(x) when x ends with a 
Fibonacci number of consecutive integers. We will therefore define A,,, E E, as a 
specific sequence that ends with f, consecutive integers. An,4 is precisely A,: 3 = f4. 
Assume that tz4, n2 14, n>f,+ t + 1, and let 
p= L(n+t-f,)/2J. 
Also let A,, = (al, a2, . . . , a,). When n + t - ft is even, 
Uj =fj for j=l,...,p+l, 
ap+k = ap+k_l+fp_k for k=2,...,(n-t-f,+2)/2, 
Uj=Uj_l+l for j=n-f,+2,...,n. 
When n + t-f, is odd, 
Uj =fj for j=l,...,p+l, 
ap+k = ap+k-l +fppk+, for k=2,...,(n-t-f,+3)/2, 
Uj = Uj_,+l for j=n-f,+2,...,n. 
276 P.C. Fishburn, F.S. Roberts 
In each case, the initial segment is Fibonacci, the middle part decelerates with suc- 
cessively smaller Fibonacci additions, and the final segment has f, consecutive in- 
tegers (including a,, _fr + 1). 
Our later analysis for increasing n will be based on the following one-term exten- 
sion counts. 
Theorem 6. Suppose t 2 4, II 2 14 and n > fl + t + 1. Then 
e,*(A,,) = 2f,-, +ft + (ft - l)(n - t-ft) + (n - t-f,Y/4+ 60, 
where S,=O if n+ t -f, is even, and &,=-l/4 otherwise. 
Proof. Let c,(j) = c,(j,A,,). We claim that if n + t -ft is even, then the sequence 
c,(2), c,(3), . . . , c,(n - 1) is 
2 .fi f2 ... fi_, ft ft+l f,+2 **f 
( 
fr+n-y4 
> 
( 
n-t-f,-2 
fr+ 2 
> ( 
n-t-f,-4 
fr+ 2 
> 
... f,+2 ft+l .A f,-1 
.., 
y7 
I 
and if n + t-f, is odd then c,(2), . . . , c,(n - 1) is 
2 fi f2 -*a ft_, ft ft+l f,+2 ... 
( 
fr+n-t;fi-5 
> 
( 
n-t-ft-3 
fl+ 2 
> C 
n-t-f,-3 
ft+ 2 
> C 
n-t-f,-5 
.A+ 2 ..* 
> 
ft+l fr f,_l 1 1 *.a 1 . 
L?z- f 
We verify the claim for n + t -ft odd. As before, the first four c,(j) are 2, 1, 1, 2. 
When 6sjst+2, 
aj-l+an=fj-l+an, 
aj+a,-(f/~z-l)=fj+[a,-(fj-2-1)1=fj-~+a,+1, 
aj+LZ, = fj+a,, 
and therefore the number of additions to e,*(A,,) obtained for aj + ak, k>j, is 
(fj+a,)-(&I+a,)=fj-2. In other words, since aj+a,_k>aj_l+a, for k= 
O,A..., J 2 f._ - 1, we get fj_z sums involving aj that exceed aj_i + a,,. This takes US 
up to c,(t + 2) = ft. &:’ 
We have claimed that the two largest c,(j) are 
c,(p+l) = c,(p+2) =ft+(n-t-ft-3)/2. 
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Consider additions for aP+2+ak, k>p+2. We note first that 
a, =f,+1+(f~_~+f~-2+...+f~-~)+I~-(~--ft+2)+11 
=f,+l+(f.+l-ft)+[ft-Il 
= 2f,+,-1. 
Therefore a,,+ 1 +a,=f,+~+U..+~ -1=3f,+,-1, and 
ap+2+ap+3 = 2ap+l+2f,-l+fp-2 = 3f,+b 
~0 ap+2+ap+3>ap+l + a,. This implies that every k>p + 2 gives a new term aP+2 -t ak 
for e,*(A,,). Since there are precisely n -(p + 2) =f, + (n - t -ff - 3)/2 such k, this 
verifies the equation for c,(p + 2). In a similar manner, it is easily seen that when 
p+35jsn-f,, aj_l+a, is one less than aj+aj+i, hence 
c,(p + 3) = fi + (n - t -fr - 5)/2, . . . , c,(n - fi) = ft. 
The number of terms added by a,, _fi + 1 + ak, k > n - ft + 1, is restricted by a,, _fi + a, = 
4fp+, -f,+ 1 - 1. So we get a new term for a,_J+I if and only if 
a,-fi+l +ak> 4fp+I-ft+~-1~ 
which reduces to ak > a, -f,_ 1. Because A,,, t ends with ft consecutive integers, the 
number of such k is f,_ 1, i.e., c,(n -f, + 1) =f,_ i. And, because of consecutiveness, 
we have c,(n -f, + 2) = ... = c,(n - 1) = 1. 
This accounts for all claimed terms for the c,(j)-sequence with n + t-f, odd, ex- 
cept for 
c,(t+3)=f,+l,c,(t+4)=f,+2,...,c,(p+l)=f,+(n-t-f,-3)/2. 
Suppose t+35jsp+l. Then for k>j, 
aj+Qk>aj-l+a, * fj+Uk>fj_1+U, 
u ak>2fp+l-1-.&2 
* ok 2 2fp+l-fj-2. 
We have 
an-f,-(j-3-t) = 2fp+I-ft+(j-2-t) = 2fp+1-fj-2 
sothatminkforaj+ak>aj_,+a,isk*=n-f,-(j-3-t).Hencewegetn-k*+l= 
f, + j- I- 2 new terms in &(A,,,) of the form Uj + ak, k> j, that exceed all terms in- 
volved in c,(h) for h < j. Since our claim is c,(j) = ft + j- t - 2, we must show that 
if j<k<k* and aj+ak>a,, then aj+ak=a,+a, for some h<j, i.e., aj+ak in this 
case duplicates an earlier two-term sum. Now 
aj + ak > a,, H fj+ak> 2fp+l-l 
# ok 2 2fp+I-fj = a,-fi-(j-t-i). 
Therefore j< k and aj + ak > a, imply that k 2 n -f, - (j - t - 1). There are exactly 
two k that satisfy this along with k< k*. They are 
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where 
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k= n-f,-j+t+l, 
k = n-f,-j+t+2. 
If j=t+3 then z=a,-(f,-l)=a,_fi+, so that, for (b), 
aj+ak=aj-]+a,-f,+l. 
If j?t+4, we find that Z=a,_h_(j_r_4), SO 
aj+ak=Uj-1+Ua,_f,-(j-t-4). 
Hence c,(j) = f, +j- t - 2 as claimed. 
This completes the proof for c,(2), . . . , c,(n - 1) when n + t - ft is odd. We omit 
the similar proof for n + t-f, even. 
The final step in the proof of Theorem 6 is to add up the c,(j) to obtain e,*(A,,). 
This is entirely routine (with the aid of the identity fi + f2 + .a. + ft_l = f,+l - 1) and 
gives the equation for e&l,,) stated in the theorem. 0 
By Theorem 6, 
= ($) n2+ (q-2) n_ (f,+r)(34f,-t-4)+fi+2ft_l. (**) 
The right sides of this equation for the first five tz 4 are: 
0 t=4: n2/4-(1.5)n+5.25, 
l t=5: n2/4 - n -4, 
. t=6: n2/4 -31, 
l t=7: n2/4 + 2n - 111, 
. t=8: n2/4+(5.5)n-322.75. 
As n increases, successively larger t maximize e,*(A,,). Ignoring do, the optimal n 
sets are [14,20] for t = 4, [21,26] for t = 5, [27,40] for t = 6, and so forth. We con- 
tinue to ignore the slight effect of 8, in what follows. 
Let n, be the value of n at which the right sides of (**) are equal for t =s and 
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t = s + 1. Thus, for t 2 5, the n range for which t maximizes e,*(A,,, () is approximate- 
ly [nt_ r, nt]. We obtain 
6f,(f,_,-1)+3&?,+2(t+l)f,_,-2t+5 
n, = 
2(f,-t-1) 
A very good approximation for larger t is obtained from fs-as@. When the last 
two terms in the numerator and the -2 in the denominator are dropped, we get 
n+a’++-3a+t+l 
3 
=-acw’(a+l)-3a+t+l. 
26 
Consequently, the at range for which t maximizes e,*(A,,) is given approximately by 
3 
-a’-‘(a+l)-3aIn-t5 
3 
26 
-a’(a+l)-3a+l. 
26 
When either bound is substituted into e,*(A,,) as written in Theorem 6, it is easily 
seen that 
lim (e,*(A,,) at n - t bound)/n2 = 
(3a+l)(o+3) = 0 328689 
n-cc 12(a+1)2 * .“’ 
Therefore e,*/n2 is either very close to 0.328689.. . , or is larger, at the change points 
n,-t+(3/21/5)a’(a+l). 
Since these change points are widely spaced (nt+ 1 -an,), we consider what hap- 
pens within the optimal n interval for t. Let m = n - t. Then 
A__+L_3S’2,E(m,t). eR@L J 1 
m2 4 2m 4m2 
We have aE(m, t)/am = -f,/(2m2) + 3f:/(2m3), which equals 0 when m = 3f,- 
3a’/$, and a2E(m, t)/am2 = f/m3 - 9f:/(2m4), which is negative when m lies be- 
tween the preceding bounds for n-t. Let m, = 3f,. Then m, is also between those 
bounds, and 
E(m,, t) = l/3. 
The preceding analysis is summarized in our concluding theorem where 
E*(n) = max e,*(A,,)/n’. 
t 
Theorem 7. The values of E *(n) oscillate between about (3a + l)(a + 3)/[12(a + 1)2] 
and l/3. In particular 
liminfE*(n) = (3a+l)(a+3)/[12(a+1)2] 
with lim E *( L(3/2 l/s) a’(a + l)]) = lim inf E*(n), and 
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lim sup E*(n) = I/3, 
with lim E*(L3a’/fiJ) = lim sup E*(n). 
We do not know whether sequences that realize e,* actually have the forms of the 
A n,f. But if they do then Theorem 7 shows that the limit behavior of e,*/n2 is 
oscillatory. 
6. Discussion 
During the course of this paper we have considered the numbers of n-term ele- 
mentary and sub-Fibonacci sequences (with and without repetitions), the shortest 
elementary sequence whose final term is a given positive integer, and the maximum 
number of (n + I)-term elementary sequences that differ only in their final term. 
Many open questions remain. Ones that pertain to the three main topics studied are 
as follows. 
(1) Determine good approximations for IF,1 and IF;/. What is the large-n be- 
havior of IE,], comparable to IF,1 = a n2(i+o(‘))‘2? What are the large-n behaviors 
of ICI/IF,1 and IG,W)I44l, and is it true for each kz 6 that I G,(3) I 2 /G,(k) ( for 
sufficiently large n? 
(2) Is it true that if fk<rn<fk+, then some (k + 2)-term elementary sequence has 
m as its last term? 
(3) Does e,* = max, ez(An,r) for n L 14? If not, what is the smallest n for which 
e,* > max e,*(A, ()? 
Even more challenging questions can be asked. Given integers 2 5 ml < m2 < -*- < 
mk, what is the smallest n such that some XE E,, has m,, m2, . . . , mk as a subse- 
quence? Given m > 1, what is the smallest n such that some XE En has C xj = m? 
What is the maximum number of (n + 2)-term elementary sequences that differ only 
in their final two terms? Of these, the one for 1 Xj = m seems most tractable. 
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